A thrackte is a graph that can be drawn in the plane so that its edges are represented by Jordan arcs and any two distinct arcs either meet at exactly one common vertex or cross at exactly one point interior to both arcs. About thirty years ago, J. H. Conway conjectured that the number of edges of a thrackle cannot exceed the number of its vertices. We show that a thrackle has at most twice as many edges as vert ices. Some related problems and generalizations are also considered.
Introduction
Let G be a graph with vertex set V(G) and edge set E(G), and assume that it has no loops or multiple edges. A drawing of G is a representation of G in the plane such that every vertex corresponds to a point, and every edge is represented by a Jordan arc connecting the corresponding two points without passing through any other vertex. Two edges (arcs) are said to cross each other if they have an interior point p in common.
For simplicity, we always assume that no three edges cross at the same point. A crossing p is called proper if in a small neighborhood of p one edge passes from one side of the other edge to the other side.
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In the rest of this section we sketch how to reduce the bound in Corollary 4. l(i) roughly by n.
Let G be a thrackle of n vertices, n >3. One can assume that G is not bipartite, otherwise its number of edges cannot exceed [3n/2j -3. Let C denote a shortest odd cycle of G with length c. By Lemma 2.1 (i) and by the minimality of C, any vertex of G has at most one neighbor belonging to C. Hence, there are at most n edges of G incident to some vertex of C.
It follows from Lemma 2.l(ii) that the graph G -C obtained from G by the removal of all points of C is bipartite.
Thus,
One can refine this argument, as follows. The closed curve representing C cuts the plane into a number of cells that can be colored with black and white so that no two cells with a common boundary arc have the same color.
Let b and w denote the number of vertices of G -C lying in black and in white cells, respectively.
Clearly, c + b + w = n, and one can assume without loss of generality that b < w. Observe that if an edge e connects a point of C to (say) a black vertex, then in a small neighborhood of this point the initial piece of e must be white.
There are at most b such edges, and if remove all of them together with all edges of C, the resulting graph (thrackle) becomes bipartite. This yields the inequality IE(G)I s 13n/2j -3+b+c < 2n+c/2-3.
Comparing the last two inequalities, we obtain that IE(G)I < (2 + l/8)n.
One can further reduce this bound by utilizing an idea of Conway (see [W69, G93, PRS91, PRS94] ). Now we replace each vertex and edge of C by two nearby vertices and edges, respectively.
More pre- It turns out that their are only six possible types: Given a directed path P = el ezeseA, let the reverse of P be defined as P-l = e;le;le;le;l, where e~l denotes the same edge as e~but with reversed orientation. If el . . . e5 is a simple directed path, we say that P! = e2e3e4e5 can be obtained from P = e1e2e3e4 by a shifi. ( (If P does not satisfy this condition then its reverse does. ) Observe that the topology of @3 allows us to transform P into its reverse by a series of shifts. It follows from Lemma 5.3(ii) that the types of all paths obtained during this process belong to {b, B}. However, by Lemma 5.3(i), type(P-l) E {a, A}, which is a contradiction. 
